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Abstract
Theories of difficulty have generally not addressed hierarchical complexity of tasks.  Within developmental psychology, notions of hierarchical complexity have come into being in the last 20 years.  We show how a model of hierarchical complexity, which assigns an order of hierarchical complexity to every task regardless of domain, may help account for difficulty.  The orders correspond to natural numbers, thus insuring that the orders are separated by gaps.  The model naturally leads to the existence of performance stages, thereby formalizing many implicit properties of stage theories.  
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If we could understand why people fail at tasks, we might be able to offer a better framework for success – particularly success in areas where under normal circumstances people would have otherwise failed.  An understanding of how to succeed could have substantial implications for example, for education reform or improving job performance.  Because relative task failure rates can indicate empirically how difficult a task is to complete, a good framework for success would stem from an analysis of task characteristics that contribute to difficulty.  


Tasks are defined as sequences of contingencies, each presenting stimuli and requiring behaviors that must occur in some non-arbitrary fashion (Anderson, 1980).  Tasks may be studied with respect to the analytically known sources of task difficulty.  There are many measures of task difficulty that have been identified  Some of these include factors that are inherent to the task itself (task properties) as well as factors that are independent of the task but do affect the subject's performance (non-task properties).  Often task properties are confounded with non-task properties thus making it difficult to determine each measure's contribution to successful completion of a task. 


In this paper we provide a model that allows one to isolate and vary a task property called “order of hierarchical complexity” independently of other task difficulty measures.  Hierarchical complexity, which will be described in depth in later sections, specifically refers to the number of concatenation operations a task contains.  This study will use simple regression analyses to examine if and how hierarchical complexity predicts Rasch scaled difficulty scores.  The paper begins by outlining some existing measures of task difficulty.  It then describes the model of hierarchical complexity and how it measures task difficulty.  Finally the model is tested to see if it is a determinant of difficulty.

Sources of Difficulty

Task Properties  

Task properties are the requirements inherent to the task.  Such properties refer to the type of information in the task, how that information is presented, and the operations necessary to complete the task.  These include horizontal complexity, code complexity, position effects, and hierarchical complexity.   As these are all factors inherent to a task, they are objective and can be quantitatively measured.  The following section will briefly review the other task measurements of difficulty that have already been extensively studied—code complexity, position effects, horizontal complexity, and cognitive load —as well as briefly introduce hierarchical complexity as a potential additional determinant of difficulty.

Coding


A person's ability to complete a task is influenced by how the information in the task is presented.  One aspect of this has been dubbed code complexity (Candlin, 1987).  Candlin (1987) proposed this term to refer to the syntactic and lexical difficulty of the task as well as the subject’s ability to understand the question regardless of whether or not he can complete the task.  For example, recall of a word list is a lot easier if the task is presented in an auditory form rather than visual form (Conrad & Hull, 1968; Corballis, 1966; Craik, 1969; Murdock & Walker, 1969; Murray, 1966; Green, 1986).  As a related example from our experience, mathematical problems are the easiest in educated populations when they are presented visually in a compact symbolized form.  No further coding is required.  Because mathematical problems come in compact symbols they are easier to complete than word-based tasks where information has to be coded so that it can be mentally attended to and processed.
Position Effects

When given a task to complete, there is ample evidence illustrating that the position of the information within a task effects task performance.  These positioning effects are perhaps best illustrated by the serial recall task in which subjects are asked to recall a list of words they just saw or heard.  Numerous studies have found that the information presented at the beginning and end of the given list can be recalled more easily and with less error than information presented in the middle (Green, 1986; Nipher, 1878; Page & Norris, 1998; Stigler, 1978).  These observations are formally known as the primacy and recency effect, respectively, and can be described by the serial position curve. 


The observations of the primacy and recency effects illustrate how position can contribute to the difficulty of a problem.  For example, if key information that was needed to solve the problem were presented in the middle of the problem, the task would be harder to complete than if the information was presented at the beginning or end.  Aside from primacy and recency effects, the organization of material is also important. Sometimes information in tasks is presented in randomly organized fashion usually making the task more difficult.  Because position affects difficulty, it must be accounted for when assessing contributions to task difficulty.  

Horizontal (Classical Information) Complexity 

Horizontal complexity, also called information load by Scroder, Driver, and Streufert (1967), is the amount of information in simple quantitative terms within a task.  Horizontal complexity consists of the number of different stimuli that have to be dealt with individually and with the number of different responses that have to be performed.  For example, consider counting tasks.  Think about how many bits the numbers represent.  Counting to 2 is one bit, 4 is 2 bits, 8 is three bits, 12 is 3.6 bits, 16 is 4 bits, 32 is 5 bits.  In another example, if one asked a person across the room whether a penny came up heads when they flipped it, their saying “heads” would transmit 1 bit of “horizontal” information.  If there were 2 pennies, one would have to ask at least two questions, one about each penny.  Hence, each additional 1-bit question would add another bit.  Let us say they had a four-faced top with the faces numbered 1, 2, 3, or 4.  Instead of spinning it, they tossed it against a backboard as one does with dice in a game.  Again, there would be 2 bits.  One could ask them whether the face had an even number.  If it did, one would then ask if it were a 2.  Horizontal complexity, then, is the sum of bits required by just such tasks as this. 


A measure of difficulty based on horizontal complexity is analogous to cognitive load as proposed by Candlin (1987).  It refers to the difficulty of the task caused by processing task related and unrelated information.  Cognitive load is a measure of difficulty because its input reduces working memory capacity that would otherwise be used to work on the specific information related to completing the current task (Sweller, van Merrienboer, & Pass, 1998).  Horizontal complexity is an objective task property and can be quantitatively measured by either measuring information bits or by cognitive load or by other means.  


Typically in studies that have examined the aforementioned sources of difficulty, task type is usually held constant, and these other factors have been varied.  There has been much less emphasis on what might contribute to differences in difficulty across tasks.  Indeed, it is often assumed that differences in difficulty across tasks could be reducible to such factors as horizontal complexity, and that eliminating differences of these types would make all tasks equally easy (or difficult) to solve.  Although it is generally understood in psychology that some tasks are more difficult than others, there has not been a way to measure the relative difficulty of different tasks.  In this paper, a measure of task difficulty that accounts for differences in difficulty across tasks is introduced.  This measure is called hierarchical complexity.  Hierarchical complexity will first be briefly defined.  It will then be discussed relative to other measures of difficulty.  Other factors that influence task performance will also be mentioned.  Following that, hierarchical complexity will be defined in much more depth.
Hierarchical Complexity 


Hierarchical complexity is a mathematically-based measure of task difficulty that can supplement the quantitative measures described above.  In this model, a task is considered to be made up of 1 or more actions. Generally, tasks become more complex and therefore more difficult, as more actions are combined or concatenated together.  For example, addition of numbers is a single action.  Long multiplication concatenates the actions of addition and multiplication of numbers.  Specifically, the hierarchical complexity of a task refers to the number of concatenation operations a task contains.  Since tasks themselves are quantal in nature, meaning they are either completed correctly or not, each task difficulty has an order of hierarchical complexity (a number of concatenation operations) required to complete it correctly.  Using a Rasch (1960/1980) analysis, Commons, Richards, Trudeau, Goodheart, and Dawson (1997) found that hierarchical complexity of a given task predicts task performance with the correlation being r = .92.  As listed in Table 1, this hierarchy has been shown to account for performance in a variety of different domains, including:  Physics tasks (Inhelder & Piaget, 1958: balance beam and pendulum; Commons, Goodheart, & Bresette, 1995); Kohlberg’s moral interviews (Armon & Dawson, 1997; Dawson, 2000); views of the “good life” (Danaher, 1994; Dawson, 2000; Lam, 1995; Loevinger’s Sentence Completion task (Cook-Greuter, 1990), workplace culture (Commons, Krause, Fayer, & Meaney, 1993); Workplace organization (Bowman, 1996a; 1996b); Political development (Sonnert & Commons, 1994); Therapists’ Decisions to report patient’s prior crimes (Commons, Lee, Gutheil, Goldman, Rubin, & Appelbaum, 1995); and Relationships between more and less powerful persons such as doctors and patients (Commons & Rodriguez, 1990, 1993).

Table 1 The Model of Hierarchical Complexity and Skill Theory (Fischer, 1980) have ordered problem-solving tasks of various kinds, including:
	Social perspective-taking (Commons & Rodriguez, 1990; 1993)

Informed consent (Commons & Rodriguez, 1990, 1993).

Attachment and Loss (Commons, 1991; Miller & Lee, 1998)

Workplace organization (Bowman, 1996a; 1996b)

Workplace culture (Commons, Krause, Fayer, & Meaney, 1993)

Political development (Sonnert & Commons, 1994)

Leadership before and after crises (Oliver, 2004)

Honesty and Kindness (Lamborn, Fischer & Pipp, 1994) 

Relationships (Cheryl Armon, 1984a, 1984b)

Good Work (Cheryl Armon, 1993)

Good Education (Dawson, 1998)

Good interpersonal (Armon, 1989)

Views of the “good life” (Armon, 1984c; Danaher, 1993; Dawson, 2000; Lam, 1994)

Evaluative reasoning (Dawson, 1998)

Epistemology (Kitchener & King, 1990; Kitchener & Fischer, 1990)

Moral Judgment (Armon & Dawson, 1997; Dawson, 2000)
	Language stages (Commons, et. al., 2004)

Writing (DeVos & Commons, unpublished manuscript)

Algebra (Commons, in preparation)

Music (Beethoven) (Funk, 1990)

Physics tasks (Inhelder & Piaget, 1958)

Four Story problem (Commons, Richards & Kuhn, 1982; Kallio & Helkama, 1991)

Balance beam and pendulum (Commons, Goodheart, & Bresette, 1995)

Spirituality (Miller & Cook-Greuter, 2000)

Atheism (Nicholas Commons-Miller, in preparation)

Animal stages (Commons and Miller, in press)

Contingencies of reinforcement (Commons, in preparation)

Hominid Empathy (Commons & Wolfsont, 2002)

Hominid Tools Making (Commons & Miller 2004)

Counselor stages (Lovell, 2004)

Loevinger’s Sentence Completion task (Cook-Greuter, 1990)

Informed consent (Commons, Rodriguez, Cyr, Gutheil et. al., in preparation)

Report patient’s prior crimes (Commons, Lee, Gutheil, et. al., 1995)

Orienteering (Commons, in preparation)



Hierarchical complexity is different from horizontal complexity and from other extensively studied measurement procedures for task difficulty in four major ways.  First, hierarchical complexity of tasks forms an absolute scale rather than one based on norms, or content.  Second, it is formulated in a manner similar to other measures from measurement theory (e.g. Krantz, Luce, Suppes, & Tversky, 1971).  Third, it separates, the empirical stage of performance from the largely analytic hierarchical complexity of tasks.  This Is In contradistinction of the from the confounding of the two as is generally done.  Fourth, rather than basing stage on some inferred mental or logical operations, stage is defined as the successful performances on tasks of a specified hierarchical complexity.  Hierarchical complexity is defined and measured in a way different from horizontal complexity.  These differences will be further discussed after hierarchical complexity is defined more specifically.
Difference between Horizontal and Hierarchical Complexity


With traditional complexity, the complexity of an action is determined by the number of times a specific “subaction” is repeated.  Yet, as will be shown in more detail below, in hierarchical complexity, the complexity of an action is determined by the non-arbitrary way in which the subactions are organized.  In particular, the order of hierarchical complexity of an action is one greater than the order of hierarchical complexity of its subactions, provided they are organized in a non-arbitrary way.


To illustrate the difference between traditional and hierarchical complexity, consider the action A of evaluating 1 + 2 and the action B of evaluating (1 + 2) + 3.  The traditional complexity of A is smaller than the traditional complexity of B since the action of addition is executed less often in A than in B.  On the other hand, because A differs from B only in how many times addition is executed, but not in the organization of the addition, A and B have the same hierarchical complexity.  This example shows that the two types of complexity are independent and incommensurate.
Non-Task properties


Non-task properties are factors that may occur along with a task but are not originally included as part of the task.  These factors include: level of support for problem solving (Arlin 1975, 1984; xe "Fischer (1984"Fischer (Fischer et al. 1984; xe "Gewirtz (1969b"GewiGewirtz, 1969; and xe "Vygotsky (1966a; 1966b"Vygotsky (1966a; 1966bVygotsky, 1962; 1966), as well as participant characteristics such as familiarity with the task and others such factors.  Although we recognize that these factors surely affect task performance, we know of no way they may be used in and of themselves measures of task difficulty.  As such they will not be discussed within this paper.

Measuring other Forms of Difficulty Using Order of Hierarchical Complexity as a Benchmark

Unlike the other sources of difficulty described above, hierarchical complexity is a mathematical model (Luce, 1959).   SEQ CHAPTER \h \r 1Thus it is not based on the assessment of domain specific information, but instead on the mathematical analysis of the hierarchical complexity of the tasks that participants attempt to address.  Then, using the hierarchical complexity of the task as a metric, one can gauge the “stage” of performance on that task.  One can then see what contributes to the “stage of performance.”  The participant’s successful performance on a task of a given order of complexity represents the stage of development achieved by that participant on that task.  As such, orders of hierarchical complexity are analytic truths and can be used as a metric against which to measure other forms of task difficulty. Therefore, what is true about hierarchical complexity is that the sequence, the numbers and the properties of the orders of complexity are the same irrespective of task, content, method, modality, or subject. 


As an absolute measure, we show that hierarchical complexity contributes to the majority of task difficulty. We propose that the notion of hierarchical complexity can be applied to any task domain and within any context with any kinds of subjects, human or animal.  The rest of this paper will provide a mathematical definition for the model of hierarchical complexity, provide evidence for how it can be applied to two differing task domains (the laundry and informed consent problem), and then suggest its implications to real-world task applications.
The Model of Hierarchical Complexity

The Model of Hierarchical Complexity (Commons & Miller, 1998; Commons & Richards, 1984a, b; Commons, Trudeau, Stein, Richards, & Krause, 1998) equates stage of performance on a task to the order of the hierarchical complexity of the tasks that the performance successfully addresses.  SEQ CHAPTER \h \r 1 To counter the possible objection of arbitrariness in such an inclusive and uniform definition of stages, the MHC stage orders are grounded in the hierarchical complexity criteria of mathematical models (xe "Coombs, Dawes, & Tversky, 1970"Coombs, Dawes, & Tversky, 1970), and information science (xe "Commons & Richards, 1984a, 1984b"Commons & Richards, 1984a, 1984b; xe "Lindsay & Norman, 1977"

xe "Commons & Rodriguez, 1990, 1993"Commons & Rodriguez, 1990, 1993; Lindsay & Norman, 1977).  We define the measure of the order of hierarchical complexity of an action as the minimum number of simple actions, N, needed to accomplish the action.  Thus, the Order of hierarchical Complexity of a task describes how far up a task sequence a given task is.


The order of hierarchical complexity is measured by the number of recursions that the coordinating actions must perform on a set of primary elements.  Recursion refers to the process by which the output of the lower-order actions forms the input of the higher-order actions.  This "nesting" of two or more lower-order tasks within higher-order tasks is called concatenation.  Each new, task-required action in the hierarchy is one order more complex than the task-required actions upon which it is built.


To illustrate, at order 11 a task is 11 orders up from order 1.  The task action at order 11 has been defined in terms of order 10 task actions, and has organized them in an non-arbitrary way.  The order 10 task actions, in turn, have been defined in terms of order 9 task actions and organized them in a non-arbitrary way.  This chain is carried out until order 1 which cannot be broken down further.  For an action of order n, its measure of total number of actions, N, is roughly 2n.  This would be at least 2n except that the same actions 2 orders lower may be used in two different higher order actions.  This reduces the number of unique actions by the number of times an action is reused.  This is also true for actions 3, 4 and lower orders as well.  For example, the number names are used in counting disordered objects and are used in addition and in multiplication.



Informally, for a task to be more hierarchically complex than another, the new task must meet three requirements.  First, a more hierarchically complex task and its required action is defined in terms of two or more less hierarchically complex tasks and their required task actions.  Second, the more hierarchically complex task organizes or coordinates two or more less complex actions; that is, the more complex action specifies the way in which the less complex actions combine.  Third, and again, the coordination of actions that occurs has to be non-arbitrary; it cannot be just any chain of actions.  Each new, task-required action in the hierarchy is one order more complex than the task-required actions upon which it is built (Commons, Trudeau, et al 1998).


These requirements can perhaps be best illustrated with the mathematical operation of distribution, a × (b + c).  Distribution is also a good example task because is can be used to show that there are no intermediate actions between two actions of different stages (Commons and Richards, 1984a). For example, a × (b + c) is composed of the operations (a × b) + (a × c).  Each task is the nesting of two lower order task actions, with concrete transition steps between task orders (Table 2).  Each task’s lower order components (i.e. (a × b) or (a × c)) can be clearly defined and ordered in a way that leads to the completion of the higher order task (i.e. (a × b) + (a × c)).  
Table 2 Mathematical descriptors from task analysis of each order of hierarchical complexity

	Order of Hierarchical Complexity
	Name
	Example

	0
	Calculatory
	 SEQ CHAPTER \h \r 1Simple Machine Arithmetic on 0's and 1's

	1
	Sensory & Motor
	 SEQ CHAPTER \h \r 1Either seeing circles, squares, etc. or instead, touching them.  O   #

	2
	Circular Sensory- Motor
	 SEQ CHAPTER \h \r 1Reaching and grasping a circle or square.  O   #

	3
	Sensory-Motor
	 SEQ CHAPTER \h \r 1A class of filled in squares may be formed  # # # # #

	4
	Nominal 
	 SEQ CHAPTER \h \r 1That class may be named, “Squares”

	5
	Sentential
	 SEQ CHAPTER \h \r 1The numbers, 1, 2, 3, 4, 5 may be said in order

	6
	Preoperational
	 SEQ CHAPTER \h \r 1The objects in row 5 may be counted.  The last count called 5, five, cinco, etc


* * * * *



# # # # #

O O O O O


# / "} Q

	7
	Primary
	 SEQ CHAPTER \h \r 1There are behaviors that act on such classes that we call simple arithmetic operations


1 + 3
=  4





5 + 15
= 20


5(4) 
= 20




5(3)
= 15


5(1)
=   5

	8
	Concrete
	 SEQ CHAPTER \h \r 1There are behaviors that order the simple arithmetic behaviors when multiplying a sum by a number.  Such distributive behaviors require the simple arithmetic behavior as a prerequisite, not just a precursor

5(1 + 3) = 5(1) + 5(3)  =  5 + 15 = 20

	9
	Abstract
	 SEQ CHAPTER \h \r 1All the forms of five in the five rows in the example are equivalent in value, x = 5.  Forming class based on abstract feature

	10
	Formal
	 SEQ CHAPTER \h \r 1The general left hand distributive relation is

x * (y + z) = (x * y) + (x * z)

	11
	Systematic
	 SEQ CHAPTER \h \r 1The right hand distribution law is not true for numbers but is true for proportions in logic.

x + (y * z) = (x * y)  + (x * z)


x ( (y ( z) ≠ (x ( y) ( (x ( z)


	12
	Metasystematic
	 SEQ CHAPTER \h \r 1The system of propositional logic and elementary set theory are isomorphic

       x &  (y or z) = (x & y) or (x & z) Logic

    x  (  (y  (   z) = (x (  y) (  (x (  z) Set Theory
      T(False)  φ    Empty set

      T(True)   Ω    Universal set



In particular, the distributive law suggests that the task of evaluating a × (b + c) is more complex than the task of evaluating (a + b) + c or even the two-part task of first evaluating a + b and then evaluating c × d.  The evaluation of (a + b) + c is no more complex than addition, performed either as (a + b) + c or a + (b + c); the organization of the two actions of addition is arbitrary.  Similarly, in the two-part task, evaluating a + b and then c × d yields the same result as first evaluating c × d and then a + b.  Both of these are chain actions; their ordering is arbitrary.  On the other hand, the evaluation of a × (b + c) requires a non-arbitrary organization of addition and multiplication, or, equivalently, the distributive law, and is therefore more complex than addition or multiplication. 


Because distribution is a transparent example of the aforementioned requirements of task actions, it is a good illustration of the properties of hierarchical complexity.  Thus, to a certain extent, the whole model of hierarchical complexity is really just a generalization of the distribution problem (Personal communication with R. Duncan Luce, 2004).  In the following three sections, we formalize what we have just illustrated with the distributive property, state the main definitions and model axioms, and lastly illustrate them with examples.  In essence, we formalize the ideas underlying the work of Piaget (e.g., Inhelder & Piaget, 1958) and his intellectual descendants (e.g., Campbell & Bickhard, 1986; 1991; Tomasello & Farrar, 1986) and show that a higher-order action is defined in terms of lower-order actions in a non-arbitrary way.  We show how to do this using permutations of actions.  This formal construction allows us to separate the order of an action from participant performance, yielding a clear notion of stage of performance.  Finally, we test the predictions of the axiomatic model via analyses of two task series (the laundry problem and informed-consent problem) and summarize our findings, particularly in relation to the stage of performance. 
Actions
The Model of Hierarchical Complexity is a mathematical theory of the ideal.  In the analytic mathematical portion of the model, there are ideal task actions just like a circle is an ideal and not what one draws with a compass.   We have separated actual performance from the ideal actions, so we begin by defining the fundamental terms of ideals.  In a given system, there exist certain tasks that are to be accomplished.  These tasks are accomplished via task-actions.  From the example of distributivity above, one might wish to multiply the sum of two numbers.  Formally, an ideal task-action, often abbreviated simply as an action, is defined inductively.  There exists a unique simple action Ã, which is the simplest action possible in a system.  This is in agreement with Luce's choice theory (Luce, 1959).  Every other action A consists of at least two previously defined actions and a rule for organizing those previously defined actions.  Thus, every nonsimple action, A is an ordered pair A = ({A1,…}, R) where the first component is a multi-set of at least two previously defined actions Ai , composing A, and R is the rule for organizing those actions.  Using this set theoretical form thus forces the higher order action to be defined in terms of the lower order actions; and forces those lower order actions to be organized.  This way of defining higher order actions, creates the hierarchy.  This is because relations are sets, and a set of elements is not equal to the elements themselves.  One can think of the sets as being superordinate and the elements subordinate.  

There are two categories of relations or rules: chain rules and coordination rules.  In a nonsimple action A = ({A1, …}, R), a chain rule R1 is simply a sequential execution of the actions Ai in some order, but the order of the execution of the actions does not matter.  For example of a chain, a rat may be trained to press a bar, pull on a chain, turn in a circle.  That is, regardless of the order in which the subactions are executed, the result of A is achieved.  A coordination rule R2, on the other hand, requires the execution of the actions Ai  in some specific, non-arbitrary order, so that the order does matter.
We now formalize these notions.  Suppose first that A consists of finitely many subactions, i.e., A = ({A1,A2,…,An,}, R).  Given a permutation σ = (i1 , i2,…, in) of the numbers 1, 2,…n, the execution of the Ai  according to σ is simply




Ai1  Ai2…Ain .

In this notation, the rule R is a chain rule if the outcome of A is the same for all n! permutations of the numbers 1, 2,…, n. That is, the outcome of the order of actions





Ai1 Ai2…Ain
is the same for all permutations (i1 ,i2,…, in) of 1,2,…, n.  The rule R is a coordination rule if this is not the case; i.e., if there exists at least one permutation τ = (j1, j2,…, jn) of the numbers 1, 2,…, n so that the execution of the actions Ai  according to τ, i.e.,





Aj1 Aj2…Ajn , 
is not the same as the outcome of the action A. Hence, the outcome of Ai is given by at least one, but not all, permutations of the Ai. We extend similarly to the cases where A consists of infinitely many actions.
    We summarize these definitions as the first three action axioms; we will refine them in the following section.
 (A1) There exists a simple action Ã.   
 (A2) Every action A is either simple (so A = Ã,) or composed of at least two previously defined actions {A1,…} and a rule R for organizing those actions (so A = ({A1,…}, R)).

 (A3) Each rule is either a chain rule or a coordination rule.


To motivate the definition of hierarchical complexity in the next section, we will rely on the following example.

Example 1. Let + and × denote the traditional addition and multiplication on the real numbers, and let ⊕ and ⊗ denote the traditional addition and multiplication of variables (having values, say, in the real numbers). Then, consider the following four actions. 

 (a) A = ({+, ×}, RA) consisting of 1 + 2 (i.e., adding the numbers 1 and 2) followed by 3 × 4 (i.e., multiplying the numbers 3 and 4).  Clearly, the order in which the two subactions are executed does not matter: adding 1 and 2 and then multiplying 3 and 4 yields the same results, namely 3 and 12, as multiplying 3 and 4 and then adding 1 and 2. Thus, A is a chain action.

 (b) B = ({+, }, RB) consisting of 1 + 2 followed by x  y. Again, the order in which the two subactions are executed does not matter: adding 1 and 2 and then multiplying x and y yields the same results, namely 3 and xy, as multiplying x and y and then adding 1 and 2. Thus, B is also a chain action.

 (c) C = ({+, ×}, RC) consisting of the expression 2 × (3 + 4).  This is not a chain, for the order of the subactions matters: if we multiply 2 and 3 first and then add 4, we get 10, not 14, which is the answer dictated by rule RC (i.e., adding 3 and 4 first and multiplying the result by 2). Thus C is a coordination, not a chain.

 (d) D = ({, }, RD) consisting of the expression x  (1   2). Notice that since the expression involves real numbers and variables, we must necessarily use  and  and not simply + and ×. In particular, because the distributive law dictates that we cannot replace  by +:

x  (1  2)= (x  1)  (x  2),

This observation will be important in the next section. As in the previous case, it is clear that D is a coordination action.

 (e) E = ({, }, RE) consisting of the expression x  (y  z). This is exactly the same as (c) but at a more abstract level, and is, therefore, a coordination rule.
Hierarchical Complexity 


To each action A, we wish to associate a notion of that action's hierarchical complexity, h(A). Since actions are defined inductively, so is the function h, known as the order of the hierarchical complexity. For a simple action A, h(A) = 0.  For a non-simple action, A = ({A1,…}, R), we have to consider several cases. To get an intuitive idea, we analyze the complexity of the actions in Example 1.

Example 1 (Continued). Let m be the hierarchical complexity of + and ×, the traditional addition and multiplication on the real numbers, and let n be the hierarchical complexity of the operations  and  , the traditional addition and multiplication of variables. Intuitively we understand that m < n in terms of their hierarchical complexity.

 (a) Because action A is a chain, with the order in which the subactions are executed irrelevant, executing A does not require any skill beyond the execution of each of the subactions individually. Consequently, we expect h(A) = max (h(+), h(×)) = m.

 (b) Similarly, B is a chain rule, but executing B requires being able to multiply at the abstract level (which is more complex than adding at the primary level), and so h(B) = max ((h(+), h()) = h() = n. Notice that unlike action A, action B consists of subactions of different complexities. 

 (c) Observe now that action C coordinates two subactions of the same order, namely m. Since the order in which the two subactions are executed is nonarbitrary, the hierarchical complexity of this action is higher than the complexity of its subactions: h(C) > max(h(+), h(×)) = m.

 (d) As we remarked in Example 1, it may seem at first that action D coordinates two actions of different orders, + of lower order and × of higher order.  However, due to the distributive law, it actually coordinates two actions of the same order, i.e., n. In particular, we observe that a coordinating action, at least in arithmetic, necessarily coordinates subactions of equal order. As in the previous case, we see that max(h(), h()) = n.. 
 (e) Lastly, as in (c), it is clear that h(E) > max(h(), h()) = n. 
    This analysis illustrates that the only way to raise hierarchical complexity is by coordinating actions of lower complexity.  Moreover, coordination requires the subactions to be of equal orders. In light of Example 1, we now state the hierarchical complexity axioms, which incorporate the action axioms (A1) - (A3):  

Hierarchical Complexity Axioms

(HC1) There exists a simple action Ã, and h(Ã) = 0.  

This means that there is a starting point for hierarchical complexity.  This is adding a zero to the ordinals that comprise the orders of hierarchical complexity.

       (HC2) Every nonsimple action A = ({A1, …}, R) is either a chain of at least two previously defined actions of  arbitrary orders of hierarchical complexity or a coordination of at least two previously defined actions all of which have the same order of hierarchical complexity.

This axiom is necessary to differentiate coordinations of actions that form integrations of lower order actions from simple chains of actions that have arbitrary orderings.  Arbitrarily ordered action would not necessarily meet the requirements of surviving in the world.  Actions need to be organized in such a way as to make them effective in the real world. 

(HC3) For a nonsimple action A =({A1, …}, R), h(A) = maxi h(Ai ) if A is a chain, and h(A) = h(A1) + 1 if     

A is a coordination.

It is absolutely necessary to differentiate between coordinated actions, chains of actions and other forms of difficulty.  For example, in piano playing, the finger movements should be in the right order to produce the piece.  If they were in some other order, they would not produce the piece and that would represent an arbitrary chain.  The organization might include having different fingers press given keys at the same time.  There are also other ways that piano playing may be difficult but not more hierarchically complex.  Producing the correct rhythm may be one way as well as using the correct force.
 Chains of actions, A, are not at the next higher order of complexity.  This means that chains of actions have the same hierarchical complexity as their component actions.  On the other hand, Actions, A that are coordinations of actions, are at the next order of hierarchical complexity.  Non-arbitrary coordinations of actions have one order of hierarchical complexity of one more than their components.  Even though Inhelder and Piaget (1958) did not assert the need for non-arbitrary coordination, they did have the core assumptions that higher order actions were defined in terms of lower order actions and that they organized the lower order actions.  This leads to the ordinal nature of hierarchical complexity and as we will see, the ordinal nature of stages.  The evidence of the sequential nature of stages is overwhelming as long as one sticks to a single task sequence within a domain (e.g. Bond & Fox, 2001; Commons, Goodheart, & Bresette, 1995; Dawson, 2002; Walker, 1982), such as those listed in Table 1.  The studies cited within that table use the compatible sequences of the Model of Hierarchical Complexity and Fischer’s (1980) skill theory. 


Notice that by Axiom (HC2), a coordination action A = ({A1, …}, R) necessarily coordinates subactions of equal orders of hierarchical complexity (i.e., h(A1) = h(A2) = …).  Thus, the order of hierarchical complexity of A is one higher than the order of hierarchical complexity of all its subactions.  In particular, in the last equation in Axiom (HC3) we may replace A1 by any subaction of A and still obtain the same result.
As a consequence of these axioms, we see that if we let A denote the collection of all actions in a given system, then the hierarchical complexity is a function h: A → N , where N   = {0, 1,…} is the set of natural numbers (and zero) under the usual ordering.  From the properties of the natural numbers, we immediately obtain the following four essential properties of hierarchical complexity. 

Consequences of Hierarchical Complexity Axioms 

(HC4) (Discreteness) The order of hierarchical complexity of any action is a nonnegative integer. In particular, there are gaps between orders. Remember, one could not have a continuous scale because higher order task-actions are defined in terms of lower order ones.  There cannot be anything in between.  That means that there are no ideal task actions between orders of hierarchical complexity.
Note that task difficulty does not consist of hierarchical complexity alone.  When one looks at performance, other forms of difficulty enter.  If Task B is more horizontally complex than Task A, because the individual has to carry out more of the same kinds of actions – not more hierarchically complex actions – then, development and learning would appear continuous.  One might see smooth acquisition with no plateaus in performance.  To the degree to which other forms of difficulty may be controlled, gaps in performance should occur.  This is because the gaps between adjacent orders of hierarchical complexity are large – there are only 14 stages that are ever acquired in a life time.  If there are gaps, it implies that there is greater difficulty in moving up in task accomplishment.   Gaps in performance should be easily obscured by many things determining difficulty other than just hierarchical complexity.

 (Corollary 1). Common basis for measures of stage of performance across domains exist:  {to me, this title has nothing to do with the two paragraphs that follow.  There is nothing about common measures of stage.  This is also confusing because the notion of stage has not yet been introduced.}

Requirements Needed to Assess Stage.  The task requirements necessary to solve a problem may have both hierarchical and nonhierarchical complexity properties.  The nonhierarchical properties b1, b2, and b3 only make it more difficult for researchers to assess the stage of performance on a task from a sequence.  For example, asking people to add six numbers, b2, in their head rather than two numbers, b1, increases non-stage demands.  A participant may also report that a lower-stage task in an unfamiliar domain is harder than a higher-stage task in a familiar domain.  This is because coordinations are learned specifically with respect to context and material.

Although it is true that any finite collection of tasks would necessarily have gaps under any nontrivial measure of complexity, (HC4) guarantees that according to the Model of Hierarchical Complexity the gaps cannot be arbitrarily small.  In particular, even if we consider more tasks (i.e., add tasks to our collection), the gaps remains the same; the axioms provide an absolute minimum gap between task complexities. Thus, after a point, given two actions of complexity n and n + 1, we cannot find an action of complexity lying between them. 

(HC5) (Existence) If there exists an action of order n and an action of order n + 2, then there necessarily exists an action of order n + 1.


This is simple to see.  If there is an order n + 2 task action, then it has to be defined in terms of two or more order n + 1 task actions.  It has to organize them in a non-arbitrary manner.  In performance terms, this means that there is no skipping of stages.

(HC6) (Comparison) For any two actions A and B, exactly one of the following holds: h(A) > h(B), h(A) =    

        h(B), h(A) < h(B).  


That is, the orders of hierarchical complexity of any two actions can be compared.  This makes it possible to compare stage of performance across species and across task sequences in different domains with different contents.  By comparing the hierarchical complexity of tasks that different animals can do from different task sequences, one can find the most hierarchically complex task an organism can do.  Then one can compare different species and individuals by finding out what is the most hierarchically complex task they can do.

(HC7) (Transitivity) For any three actions A, B, and C, if h(A) > h(B) and h(B) >  h(C), then h(A) > h(C).


In light of Table 2, which describes the orders of hierarchical complexity for, among others, arithmetic tasks, we can assign the exact natural numbers corresponding to the orders of tasks in Example 1.  Note that Table 2 presents a task analysis, not a description of the cognition of a person’s actual development.  From multiple task analyses, one can see that each ideal action after the simple action, is defined in terms of the next lower order actions; it organizes those actions in a non-arbitrary way.  For example, reaching and grasping a circle or square (Action from Order 2) is defined in terms of seeing circles and seeing  squares (Simple Action 1 from Order 1, Sensory or Motor), and then touching them (Simple Action 2 from Order 1) and finally grasping them (Action 3 from Order 1).  Note that the order is fixed.  If one did this out of order, it would not work.  Then the Order 3 (Sensory Motor) action of forming a class of squares may be formed out of individual instances of Order 2 actions (Circular Sensory Motor) reaching and grasping square and not reaching and grasping circles.

But note that nothing is built out of order 0 tasks because such tasks are not addressed, even with simple actions.  Order 0 was included to show that computers do not act on their own.  They have to be turned on, programmed and operated at least initially by people who are addressing more complex tasks.

Example 1 (Continued). According to Appendix A, both + and × have order 7, i.e., primary, whereas ⊕ and ⊗ have order 9, i.e., abstract.

 (a) Since A is a chain, h(A) = max (h(+), h(×)) = 7, i.e., also primary.

 (b) Since B is a chain, h(B) =max ((h(), h()) =9, i.e., also abstract.

 (c) Since C is a coordination, h(C) = max (h(+), h(×)) + 1 = 8, i.e., concrete.

 (d) Since D is a coordination, h(D) = max (h(), h()) = 10, i.e., formal.

 (e) Again, since E is a coordination, h(E) = max (h(), h()) +1 = 10, i.e., formal.
Stages 

The notion of stages of performance is fundamental in the description of human, organismic, and machine evolution.  Previously it has been defined in some ad hoc ways.  Here we describe it formally in terms of the model of hierarchical complexity.  Given a collection of actions A and a participant S performing A, the stage of performance of S on A is the highest order of the actions in A completed successfully at least once, i.e., it is


stage(S, A) = max{h(A) | A  A and A completed successfully by S}.
Because stage of performance is dependent on order of complexity as shown in this definition, the notion of stage is discontinuous, having the same gaps as the orders of hierarchical complexity.  This is in agreement with previous definitions (Commons, Trudeau, et al, 1998; Commons & Miller, 2001) and with the very notion of stage (Inhelder & Piaget, 1958).
We will return to the notion of stage in the experimental results. Table 2 lists the stages described by the Model of Hierarchical Complexity. 
Measure of Hierarchical Complexity 

We define the measure of complexity at order n, denoted by ϕn, as the minimum number of simple actions required to complete an action of order n. By axioms (HC2) and (HC3), an action of order n organizes at least two actions of order n – 1, each of which in turn organizes at least two actions of order n – 2, and so forth, until we reach the lowest-order, simple actions. Consequently, given the inductive definition of the hierarchical complexity orders, it is not surprising that ϕn = 2n. Formally, a zero-order action, consists of at least one simple action, so ϕ0 = 1 = 20. For the inductive case, suppose ϕn -1 = 2n–1. Because by axioms (HC2) and (HC3), an action of order n is either a coordination of at least two actions of order n – 1 or a chain which includes an action of order n (and hence eventually is composed of at least two actions of order n – 1), we have ϕn = 2ϕn–1 = 2n, by induction. 
Relationship between Stimulus Properties and Corresponding Responses
Discerning the relationship between properties of stimulus inputs and their corresponding responses can provide us with a great deal of knowledge about how machines, animals and people work. In the field of psychophysics, for example, investigations into these types of interconnections has led to advances in our understanding of sensory, perceptual, and cognitive processes. Naturally, a more comprehensive understanding of the properties of inputs facilitates this fruitful research into the relationship between stimuli and responses. The studies presented here examine how successfully The Model of Hierarchical Complexity characterizes the input of the complexity of mathematical problems. A successful model would explain the developmental trajectory of problem solving skills —at least for these the kinds of tasks used here over a greater developmental range, in greater detail and with more accuracy than now exists. This information could possibly aid in future research on how individuals may acquire more advanced skills for accurately solving these problems. 
If the Model of Hierarchical Complexity described here is accurate in assessing the hierarchical complexity of a task, then a task that it orders as highly complex should be more difficult to perform than a task that it orders as less complex. The tasks that are more complex and, therefore, difficult should generally be performed less successfully than those which are less complex, and therefore, easier among any population of individuals, given everything else equal. In this study, the Rasch model of statistical analysis (Bond and Fox, 2001; Rasch, 1960/1980), tested the efficacy of the Model of Hierarchical Complexity. The test examined whether those tasks that fewer people in the participant pool could perform were tasks of higher orders of complexity as predicted by the Model of Hierarchical Complexity. More specifically, using the Rasch model, the tasks administered were hierarchically ordered by how many participants successfully answered them. The Rasch model is especially proficient at making this determination because it transforms raw data into unidimensional, abstract, linear, equal-interval scales if the data fit the model. Equality of intervals is achieved through log transformations of raw data odds. The Rasch model is the only model that provides the necessary objectivity for the construction of a scale that is separable from the distribution of the attribute in the persons it measures.  If the tasks measured on this Rasch scale correspond to the same way they were measured on the Model of Hierarchical Complexity, the Mode of Hierarchical Complexity would emerge as a highly effective way to assess the hierarchical complexity of a mathematical problem.  This might make it clearer why students have such great problems with learning mathematics.  Some of the problems they are to learn have too high a hierarchical complexity as compared to their stage of reasoning in mathematics.
Measures of Stage of Performance

Rasch Model  
Originally the Rasch model was developed to scale difficulty (Rasch, 1960/1980).  A Rasch Model produces an objective, additive scale that is independent of the distributions of the particular items used and of the particular participants tested. It can be used to analyze a large variety of human sciences data, particularly the probabilistic relation between any item’s difficulty and any person’s ability.  This model posits that the difference between an item’s difficulty and a person’s ability reflects the probability of a person succeeding on a given task (Bond & Fox, 2001). As such the Rasch model is a measure of difficulty and can be applied to the assessment of why people fail at certain tasks. It works by using probabilistic equations to convert raw ratings of items into scales that have equal intervals if the data fit the model. Such a scale can then be used as a type of objective ruler against which to measure the data on items as well as on respondents (Andrich, 1988). Statistically speaking, this scale will be linear (Wright & Stone, 1979). As a result, a change of difficulty of an item of 1 logit is the same going from –2 to –1 as going from 0 to +1. 

As the Rasch model represents the concept of “perfect one attribute at a time measurement” (Bond & Fox, 2001), we use the model to assess the contribution of the construct of hierarchical complexity to task difficulty and to order items in terms of their increasing difficulty.  Thus in this study, the Rasch model (Bond & Fox, 2001; Rasch, 1980) followed by regression analysis tested the efficacy of the Model of Hierarchical Complexity.  Because the Rasch model will test if the construct of hierarchical complexity will adhere to the concept of a straight line, we can use the Rasch analysis to understand hierarchical complexity’s contribution to task difficulty.  Ultimately, an understanding of this relationship could reflect the underlying reason as to why people fail at certain tasks.  


After analyzing data with a Rasch model, a number of questions can be answered.  First, where on the scale does each item fall?  In this case, this may indicate the measured stage as defined above in the section labeled stage, rather than just the designated order of hierarchical complexity for each of the items.  Second, what is the spacing of scaled values of the items of differing orders of complexity?  Third, to what extent do the scaled stage values of these items fit on the same scale?  The answer to these questions will yield a scale of stage of the items.

The Rasch Model and Hierarchical Complexity 

The hierarchical complexity model makes four predictions that should be evident in real world data. First, in interviews that probe for stage of performance, the scoring of the stage derived from the Model of Hierarchical Complexity should provide the clearest and most reliable account among all existing scoring systems of stage.  Second, the empirically scaled orders of complexity of tasks should match the analytically predicted sequence of orders of complexity of these tasks. Third, the empirically scaled orders of complexity of tasks of the same type and content should be related by a simple unidimensional linear transformation. Fourth, the empirically scaled orders of tasks should produce gaps due to the natural number scale of hierarchical complexity. The first prediction has been verified in Dawson (2002), and so we focus on the last three. 

We use Rasch analysis (Rasch, 1966; Rasch, 1960/1980) to test these predictions.  The relationship between the Rasch model and conjoint measurement is discussed in Broaden (1977); Fischer, (1968); Keats (1967, 1971).  For more on the Rasch model as an application of conjoint measurement to empirical data, see Young (1972); Luce and Turkey (1964); and Perline, Wright, and Weiner (1979). Suppose we have a collection of tasks with hierarchical orders of complexity dj (1j J) and a collection of participants with proclivities to answer correctly bi (1I J); the parameters dj and bi are determined analytically. The Rasch model predicts that participant I completes task j correctly with probability 
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Clearly, the probability that participant i fails to complete task j correctly is 
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Justification of Using a Rasch Model 

The first assumption of the Rasch model deals with the unidimensional nature of the hierarchy of items as it has been generated using the Model of Hierarchical Complexity. In applying the model to development, it is assumed that each task of increasing hierarchical complexity should be more difficult. The assumptions of the Rasch model also include: (1) the performances are drawn from a single population with a common set of proficiencies and that tasks can be effectively mapped onto an interval measurement scale; (2) there are sufficiently dense distributions of person proficiencies and item difficulties with a correspondingly sufficient over-lapping of error distributions around items (Pelton, personal communication, February 10, 2005; Pelton and Bunderson, 2003).1  Next possible challenges to the use of the Rasch model will be discussed.
It is possible that participant data may violate the first assumption. If the participants perform at different stages, one might consider that they really belong to different groups, each group reflecting a given stage. Nevertheless, despite the possibility of these violations of the assumptions, and because of the expected measurement noise, Rasch analysis can be used to obtain useful evidence in support of hierarchical complexity (Bond and Fox, 2001) as discussed below. Because the orders of hierarchical complexity are ordinals and have gaps between them, we predict the Rasch model estimates may in some cases produce gaps in measured stage of performance. That is, we might find clusters of Rasch scores of tasks of approximately the same hierarchical complexity with a few Rasch scaled task scores between them. 
If there was no probabilistic process (no error or measurement variance), then the data would have a Guttman pattern. From a Rasch perspective, this would mean that items at each order of hierarchical complexity would be at the same point, with an infinite distance to the next level of difficulty. This is also true for person proclivity (stage) levels. If items perform exactly the same (again, meaning there is no error variance) when presented to a sample of persons, Winsteps (Linacre, 2004) would not be able to provide scale estimates—and would therefore, provide no evidence of even a local measurement scale. For Guttman scaling to apply, it is the case that the orders of hierarchical complexity are sufficiently distinct. Also, the person samples would need to be sufficiently dense around the items so that they will be placed appropriately on the scale in a hierarchical fashion. Arbitrary gaps (intervals) between clusters of Rasch scores would occur when there are Guttman-like response vector components for the persons who have achieved a develop-mental stage. 
When this type of local discontinuity is expected to occur because of theorized developmental shifts, then the Rasch model can confirm such, and then subsequently be used to generate several independent measurement scales – one for each cluster of items within the developmental stages (using selected subsets of the data). Rasch scaling works for stage data because, even in Piagetian stage data, there is always some empirical departure from an exact stage structure.  This measurement error occurs because in any real task, with real content, there are a variety of other variables that affect the difficulty of tasks.  These include the categories and factors listed above (e.g. horizontal complexity, familiarity with the language and symbols, and where the information is placed in a given array) that contribute to task difficulty.  As there is always some error variance, what could be viewed as a flaw in Piagetian theory is used as a basis for estimating relatively how far apart the stages are on the latent variable. Provided there is a useful level of construct relevant noise in the observations, which we observed in our data, Rasch scaling is possible.

Expanding on (2), it would be possible that the distance between two “adjacent” items is so great relative to the sample sizes and the error distributions, and that the tails would not overlap sufficiently to allow the Rasch model to accurately estimate relative positions of items or persons on the measurement scale. When this is the case the ‘local’ person response patterns (i.e., sub-patterns of responses within a hierarchically ordered response vector) will be Guttman-like (1950), then the second assumption is violated and the positioning of items and persons will be on an ordinal scale. 

Rasch scaling is not only possible, it is also preferred.  This is because a Rasch analysis can transform raw ordinal data into unidimensional, abstract, linear equivalent scales, if the data fit the model.  Some might argue that a Rasch analysis is the inappropriate scale for the data because the transformation which would place ordinal positions onto a linear scale is unknown.  A Mokken analysis (1971) is a non-parametric approach that does not produce linear measures.  It is often only applied when the transformation that would place ordinal positions onto a linear scale is unknown.  We do not prefer a Mokken analysis over a Rasch Analysis for our data.  Because the Mokken analysis does not actually produce a scale, we can not use it to see whether or not a Rasch analysis is the appropriate model for the further linear scaling of our data.


Although using the Mokken analysis is a valid approach for analyzing these data, it is actually unnecessary.  This is because the Rasch analysis was able to provide a linear scaling for the data (as shown by the misfit data all being below 2) despite not knowing the transformation.  Because we could obtain these valid unidimensional, abstract, linear equivalent scales, a Rasch analysis was actually preferred over a Mokken analysis (this is from personal correspondence with Michael Linacre, June 2006).
Method-Laundry Task Series

Participants


For the Laundry Task Series, there were 73 participants: 36 were adults (49.3%), and 37 (50.7%) were children.  All participants received the Laundry Problem Task Series.  The adult participants were recruited from the student body of Salem State College, their friends and family.  Salem State College is moderate-sized state college located on the north shore of Massachusetts.  Of the 36 adult participants 31 (86.1%) were female, and 5 (13.9%) were male.  The adults ranged in age from 16 to 66 years (M = 33.31, SD = 13.72).  They had from ten to twenty two years of education (M = 15.36, SD = 2.3).  Thus college-aged adult participants had at least some college education, indeed significantly more education than their parents (M = 13.24, SD = 2.53), F(1, 28) =  13.50, p < .001.  This difference in level of education between parents and children indicated that most of the participants came from working-class backgrounds and were moving up the social ladder.  The younger participants took part in an evolution and development learning module within their fifth- or sixth- grade classes in the Follow-Through program at the Tobin School in Cambridge, MA.  Of the 37 children, 18 (48.6%) were girls, and 19 (51.4%) were boys.  The children ranged in age from ten to twelve years (M = 10.65, SD = .73).


Instrument 


The laundry task was about the possible causal relations within an array of schematic story like episodes in which participants were asked to make predictions using the combinations of ingredients shown that would ultimately remove a stain from a stained cloth.  Hierarchical complexity was systematically varied for 6 orders. Horizontal complexity was kept constant.  Position of the key information randomly varied.  The level of support remained constant at 0.  Coding was consistent up to the systematic stage; however, at the systematic stage the coding information among the variables were not close to matching the information level of support.  Familiarity effects were high but fairly consistent.


The participants received the Laundry Problem Task Series, including problems at the primary (20 problems), concrete (18), abstract (20), formal (20), systematic (34), and metasystematic (10) stages in the General Stage Model.  The original Laundry problem had eight variants, each of which tested formal operations (Commons, Miller, & Kuhn, 1982).  The problems presented the participants with a different kind of stain (D. Kuhn, personal communication, September, 1980).  The task consisted of predicting which combination of ingredients would remove the stain.  Although each configuration of variables was repeated once, this was not apparent until the problem had been solved.  The solution of the laundry problem required the isolation of a causal variable and the rejection of the non-causal variables as having an effect on the outcome (clean or dirty).  These problems were derived from Kuhn and Brannock's (1977) plant problem which, in turn, was derived from an earlier plant problem of Linn and Thier (1975; Linn, Chen, & Thier, 1976, 1977) and Inhelder and Piaget's (1958) pendulum problem.  Two of the original eight variants of the formal-stage laundry problem were included in the instrument.  Lower and higher stage versions of the laundry problem were constructed for this study.  These have not been tested elsewhere.


Each laundry problem was comprised of informational episodes and prediction episodes.  In each Informational Episode, a single combination of ingredients (values of the independent variables) is matched with an outcome (a value of the dependent variable).  The ingredients were bleach (A or B), detergent (liquid or powder), water temperature (hot or cold), and booster (blue or pink).  The outcome was either "clean" (the removal of the stain) or "dirty" (failure to remove the stain).  At the formal order, only one out of the four independent variables predicts whether or not the stain would be removed.  The informational episodes contain enough information so that the causal variable for the cloth outcome can be determined.  In the Prediction Episodes, participants were asked to use the information from the Informational Episodes to determine whether the stain would be removed.  The items had a Cronbach alpha of .892, an excellent level of reliability according to George and Mallery (2003), and a Guttman Split-half reliability of .727, also an acceptable level both computed using SPSS 12.  This indicates that, overall, the items were answered in a consistent manner.


The Laundry Problem task series includes a range of problems, both hierarchically simpler and hierarchically more complex than the formal-order problem described above.  See Table 3 for descriptions of the orders tested.  The most complex laundry problem on which a participant performs consistently indicates the developmental stage at which the participant is most likely to perform in this domain. 

 SEQ CHAPTER \h \r 1 Table 3 Multiple Stage Sequence Table for Laundry and Counselor-Patient Task Series

	Order 
	Laundry Causality Problem
	Provider (Counselor) – Patient Problem

	7   Primary 
	Given an ingredient makes the cloth come out clean, when either that ingredient is given or not predicts clean or dirty
	

	8   Concrete
	Given a set of 4 ingredients makes cloth come out clean, when given the same set of ingredients or not, predicts whether the cloth comes out clean or dirty
	Only telling rather than being informed and assent rather than consent.  Provider uses just own experience.  SEQ CHAPTER \h \r 1 The patient has no part in choosing a treatment.

	9   Abstract 
	Given a set of 2 possible ingredients, finds which one predicts clean and then predicts with 2 ingredients with only one being the casual one whether the cloth comes out clear 
	Only one or two elements of informed consent are present in the informing or consenting.   SEQ CHAPTER \h \r 1Provider uses treatment colleagues think best.  

	10 Formal 
	Given a set of 4 possible ingredients, holds 3 constant and finds which one predicts clean and then predicts with other 4 ingredients episodes with only one being the casual one whether the cloth comes out clean
	 SEQ CHAPTER \h \r 1Providers use four out of seven elements of informed consent.  During the informing, provides information for patient to understand choices of treatment.  But there is no check for understanding.  Certain elements may be missing such as not mentioning side effects or not allowing the patient time to think it over.  During consenting, no c SEQ CHAPTER \h \r 1oordination between informing with patient’s consent.  Bases treatment suggestion of evidence.

	11 Systematic
	Given a set of 4 possible ingredients, finds which 1 or 2 (or) or both (and) predicts clean and then predicts with another set of ingredients whether the cloth comes out clean
	 SEQ CHAPTER \h \r 1In the informing, providers get the patient understand all options and checks for understanding.  In the consenting, makes sure   patients feel they have a choice in treatments and feel comfortable with making a decision.  However, the coordination between the consenting and the prior discussion during informing is still missing.  Bases treatment suggestions on multivariate well controlled studies. 

	12 Metasystematic
	Finds which pairs of formal or systematic order tasks are more similar than other pairs of formal or systematic order tasks
	 SEQ CHAPTER \h \r 1All elements of informed consent are present, informing of options and side effects with the patient’s understanding of them and the multiple elements of consenting.  The key element in the consent is shown by coordination of choice in treatment with the discussion of the previously provided information at the time of agreement.  Bases treatment suggestions on multivariate well controlled studies as well as on patient preferences.



The following is an example of a problem that was scored as a primary order problem.  At this order, participants predict whether an ingredient cleans clothing.  The informational episodes indicate whether an ingredient produces clean or a dirty cloth.  The prediction episode stated what ingredient was used.  

Here are two specific examples:  Two cloths were stained with red lipstick.  They were washed.  One came out clean.  The other cloth came out dirty.

	Hot Water


	    --->
	Clean


	Cold Water


	    --->
	Dirty


Look back at the examples.  After being washed, will the cloth be clean or dirty?  Circle the answer.

	Cold Water
	    --->
	Clean

	
	
	Dirty


	Hot Water
	    --->
	Clean

	
	
	Dirty


The following is an example of a problem that was scored as a metasystematic order problem. At this order, the participants compare different systems of cleaning clothing in which different rules apply.  These systems are provided in the informational episodes in the form of lists of combinations of ingredients whose effectiveness at cleaning is stated as a value of the outcome variable (clean or dirty).  The participants must analyze each system in order to determine the rule that applies.  In the prediction episodes, the participants rate pairs of systems with respect to their degree of similarity.  Correct responses can be either high ratings of similar systems or low ratings of dissimilar systems.  The metasystematic order task requires the organization and coordination of lower order tasks performed by the participants in the other parts of the instrument. 

In the informational episode of this order, participants were given a scenario by which a cloth was dirtied and a number of action sequences that could be taken, which would leave the cloth either clean or dirty.  In the prediction episode, participants were given a novel action for the respective scenario and asked to determine whether the cloth would be left clean or dirty following that action.

(Case A) A cloth was stained with ketchup.  Here are eight ways it can be washed.  Sometimes the cloth will be clean.  Sometimes it will be dirty.

	Liquid Soap
	Pink Booster
	Hot Water
	B Bleach
	--->
	Clean

	Powder Soap
	Pink Booster
	Cold Water
	A Bleach
	--->
	Dirty

	Liquid Soap
	Blue Booster
	Hot Water
	A Bleach
	--->
	Dirty

	Powder Soap
	Pink Booster
	Hot Water
	A Bleach
	--->
	Clean

	Powder Soap
	Blue Booster
	Cold Water
	A Bleach
	--->
	Dirty

	Powder Soap
	Blue Booster
	Hot Water
	B Bleach
	--->
	Dirty

	Liquid Soap
	Pink Booster
	Cold Water
	B Bleach
	--->
	Dirty

	Liquid Soap
	Pink Booster
	Hot Water
	A Bleach
	--->
	Clean


Below are examples of the test episodes that would follow the different scenarios:

	B Bleach


	Liquid Soap
	Pink Booster
	Hot Water
	   --->
	Clean

	
	
	
	
	
	Dirty


	A Bleach


	Powder Soap
	Blue Booster
	Cold Water
	   --->
	Clean

	
	
	
	
	
	Dirty


Results-Laundry Task Series 


There were three parts of the Laundry Task Series analysis.  First was to obtain scaled measures of item difficulty and therefore stage of performance.  The second was to examine to what extent the stage of performance was in the same order predicted by the hierarchical complexity of the items.  The third was to see if there were gaps between the scaled scores of items from adjacent orders of hierarchical complexity. 

To find the stage of performance, the Rasch model of the laundry-problem data was generated with Winsteps (Linacre, 2004), see Table 4 and Figure 1.  Reliability of the item estimates from this analysis was .97, with a mean infit mean square error of .94 (SD = .13), supporting Commons' claim that the Laundry Task Series measures a single dimension of performance.  Linacre (personal communication, January, 2004) developed a criterion by which items with infit errors larger than 2.00 are rejected, or are said to not fit on the scale, possibly because they have characteristics that are sensitive to issues not reflective of the scale, because they are too extreme for the scale, or because they lie on another dimension.  In this study, not one item had an infit value greater than 1.47, thereby illustrating the accuracy by which these items were rated, and the consistency with which they fit on this particular scale.
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Table  Winsteps, Rasch analysis of laundry task series.  73 Participants, 122 items, 2 Categories

Subject  Reliability .90 ... Item Reliability .90
	Entry
	Raw 

Score
	Count
	Mea-

sure
	Error
	Infit

Mnsq
	Infit

Zstd
	Outfit

Mnsq
	Outfit

Zstd
	Ptme

Corr
	Ranks



	113
	30
	23
	2.64
	.47
	1.39
	1.9
	1.88
	2.7
	 -.39
	 met6.1.1 

	122
	28
	20
	2.15
	.48
	1.38
	2.2
	1.48
	2.1
	 -.20
	 met6.1.10

	117
	31
	22
	2.11
	.46
	1.32
	2.1
	1.41
	2.0
	 -.16
	 met6.1.5 

	121
	29
	20
	1.92
	.48
	1.20
	1.3
	1.23
	1.3
	  .06
	 met6.1.9 

	115
	32
	22
	1.90
	.45
	1.22
	1.5
	1.26
	1.6
	  .01
	 met6.1.3 

	118
	33
	22
	1.70
	.45
	1.08
	.6
	1.10
	.7
	  .20
	 met6.1.6 

	99
	100
	70
	1.70
	.26
	1.23
	2.2
	1.21
	1.7
	  .15
	 sys5.2.104

	102
	100
	70
	1.70
	.26
	1.07
	.8
	1.04
	.4
	  .31
	 sys5.2.107

	98
	101
	70
	1.63
	.26
	1.08
	.9
	1.05
	.4
	  .31
	 sys5.2.103

	104
	103
	70
	1.50
	.26
	1.36
	3.6
	1.43
	3.4
	 -.01
	 sys5.2.109

	120
	33
	21
	1.36
	.47
	1.47
	2.7
	1.58
	2.9
	 -.33
	 met6.1.8 

	93
	98
	66
	1.36
	.26
	1.19
	2.1
	1.32
	2.8
	  .10
	 sys5.1.205

	107
	96
	64
	1.35
	.27
	1.23
	2.4
	1.23
	1.9
	  .12
	 sys5.2.202

	111
	94
	62
	1.31
	.27
	1.24
	2.5
	1.20
	1.6
	  .12
	 sys5.2.206

	100
	106
	70
	1.30
	.26
	 .93
	-.7
	 .90
	-.9
	  .45
	 sys5.2.105

	68
	107
	71
	1.28
	.26
	 .86 
	 -1.6
	 .83  -1.6
	 .53
	 .10
	fom4.1

	94
	100
	66
	1.26
	.26
	1.28
	3.0
	1.27
	2.2
	  .06
	 sys5.1.206

	108
	96
	63
	1.26
	.27
	1.23
	2.4
	1.27
	2.1
	  .10
	 sys5.2.203

	112
	96
	63
	1.25
	.27
	1.22
	2.3
	1.31
	2.4
	  .12
	 sys5.2.207

	114
	37
	23
	1.24
	.45
	1.14
	.9
	1.24
	1.2
	  .09
	 met6.1.2 

	97
	108
	70
	1.16
	.26
	1.02
	.3
	1.03
	.3
	  .34
	 sys5.2.102

	91
	103
	67
	1.15
	.26
	1.22
	2.4
	1.24
	2.0
	  .11
	 sys5.1.203

	89
	104
	67
	1.08
	.26
	1.12
	1.4
	1.12
	1.0
	  .22
	 sys5.1.201

	60
	111
	71
	1.03
	.26
	.87
	-1.5
	 .82
	-1.5
	  .52
	fo4.1.2

	67
	111
	71
	1.02
	.26
	.80
	-2.4
	.76 
	2.1
	.58
	fo4.1

	52
	113
	72
	1.01
	.26
	 .87
	-1.6
	.82
	-1.5
	.51
	 abs3

	109
	101
	64
	.98
	.27
	1.25
	2.6
	1.40
	2.7
	  .06
	 s5.2.204

	96
	111
	70
	.96
	.26
	1.20
	2.1
	1.20
	1.5
	  .15
	 s5.2.101

	44
	102
	64
	.93
	.27
	 .97
	-.3
	1.09
	.7
	  .37
	 abs3.6  

	46
	105
	66
	.91
	.27
	 .91
	-.9
	 .89
	-.7
	  .45
	 abs3.8  

	95
	103
	64
	.85
	.27
	1.08
	.9
	1.14
	1.0
	  .23
	 s5.1.207

	66*
	112
	70
	.84
	.26
	 .80 
	-2.4
	.72 
	 -2.2
	  .58
	 fo4.1.8 

	69*
	114
	71
	.82
	.26
	 .90
	 -1.1
	.84
	 -1.1
	  .47
	 fo4.2.1 

	81*
	111
	69
	.80
	.26
	 .83
	-1.9
	.75
	 -1.8
	  .55
	 s5.1.103

	90
	108
	67
	.80
	.27
	1.07
	.8
	1.09
	.6
	  .26
	 s5.1.202

	84*
	111
	69
	.79
	.26
	 .80 
	-2.4
	.71
	 -2.2
	  .59
	 s5.1.106

	50*
	118
	73
	.78
	.26
	 .80
	-2.4 
	.72
	-2.1
	  .58
	 abs3.12 

	53*
	118
	73
	.78
	.26
	 .85
	-1.8
	.79 
	-1.6
	  .53
	 abs3.15 

	59
	115
	71
	.75
	.26
	 .93
	-.8
	 .87
	-.9
	  .43
	 fo4.1.1 

	106
	105
	64
	.68
	.28
	1.08
	.8
	1.17
	1.0
	  .24
	 s5.2.201

	70
	116
	71
	.68
	.26
	 .91
	-.9
	 .82 
	-1.2
	  .46
	 fo4.2.2 

	43
	107
	65
	.68
	.28
	 .96
	-.3
	1.13
	.8
	  .36
	 abs3.5  

	119
	36
	21
	.66
	.51
	1.13
	.6
	1.13
	.5
	  .13
	 me6.1.7 

	92
	110
	67
	.65
	.27
	1.11
	1.1
	1.13
	.8
	  .20
	 s5.1.204

	86
	115
	70
	.63
	.27
	 .97
	-.3
	 .88
	-.7
	  .39
	 s5.1.108

	116
	38
	22
	.61
	.50
	1.12
	.6
	1.09
	.4
	  .15
	 me6.1.4 

	64
	117
	71
	.61
	.26
	 .93
	-.7
	 .86
	-.8
	  .43
	 fo4.1.6 

	110
	106
	64
	.61
	.28
	1.15
	1.4
	1.13
	.8
	  .18
	 s5.2.205

	80
	116
	70
	.55
	.27
	 .93
	-.7
	 .82
	-1.1
	  .43
	 s5.1.102

	88
	116
	70
	.55
	.27
	 .97
	-.2
	 .86
	-.8
	  .39
	 s5.1.110

	72
	118
	71
	.54
	.27
	 .92
	-.8
	 .82
	-1.1
	  .44
	 fo4.2.4 

	79
	118
	71
	.54
	.27
	 .91
	-.9
	 .79
	 -1.3
	  .46
	 s5.1.101

	47
	112
	67
	.52
	.28
	 .96
	-.3
	 .89
	-.6
	  .39
	 abs3.9  

	41
	109
	65
	.52
	.28
	1.04
	.4
	 .98
	-.1
	  .31
	 abs3.3  

	85
	115
	69
	.52
	.27
	 .99
	-.1
	 .88
	-.7
	  .37
	 s5.1.107

	83
	115
	69
	.50
	.27
	 .84
	-1.6
	 .72
	-1.7
	  .53
	 s5.1.105

	87
	117
	70
	.48
	.27
	 .96
	-.3
	 .84
	-.9
	  .40
	 s5.1.109

	42
	111
	66
	.48
	.28
	 .86
	  -1.2
	 .89
	-.5
	  .47
	 abs3.4  

	75
	119
	71
	.47
	.27
	 .82
	 -1.8
	 .71 
	-1.7
	  .54
	 fo4.2.7 

	76
	119
	71
	.47
	.27
	 .95
	-.5
	 .84
	-.9
	  .41
	 fo4.2.8 

	73
	118
	70
	.41
	.27
	 .92
	-.7
	 .81
	-1.1
	  .43
	 fo4.2.5 

	63
	120
	71
	.39
	.27
	 .94
	-.5
	 .82
	-1.0
	  .41
	 fo4.1.5 

	77
	120
	71
	.39
	.27
	 .96
	-.3
	 .84
	-.8
	  .39
	 fo4.2.9 

	105
	119
	70
	.39
	.28
	1.09
	.8
	1.25
	1.3
	  .19
	 s5.2.110

	74
	121
	71
	.32
	.27
	 .92
	-.7
	 .80
	-1.0
	  .43
	 fo4.2.6 

	62
	120
	70
	.26
	.28
	 .94
	-.5
	 .78 
	-1.1
	  .42
	 fo4. 

	71
	120
	70
	.26
	.28
	1.11
	.9
	1.02
	.1
	  .22
	 fo4.2.3 

	78
	122
	71
	.24
	.28
	 .95
	-.4
	 .83
	-.8
	  .39
	 fo4.2.10

	82
	122
	71
	.24
	.28
	 .96
	-.3
	 .80
	-1.0
	  .39
	 s5.1.104

	61
	124
	72
	.24
	.28
	 .92
	-.7
	 .76
	-1.2
	  .44
	 fo4.1.3 

	65
	121
	70
	.19
	.28
	 .99
	-.1
	 .81
	-.9
	  .37
	 fo4.1.7 

	49
	127
	73
	.14
	.28
	1.10
	.8
	1.10
	.5
	  .20
	 abs3.11 

	48
	117
	67
	.11
	.30
	 .94
	-.4
	 .87
	-.5
	  .38
	 abs3.10 

	57
	127
	72
	-.01
	.29
	 .93
	-.4
	 .80
	-.8
	  .39
	 abs3.19 

	101
	124
	70
	-.02
	.30
	1.11
	.8
	1.17
	.7
	  .15
	 s5.2.106

	31
	129
	73
	-.02
	.29
	1.04
	.3
	1.50
	1.9
	  .19
	 cr2.2.5 

	103
	125
	70
	-.11
	.30
	1.12
	.8
	1.15
	.6
	  .15
	 s5.2.108

	51
	129
	72
	-.18
	.30
	1.16
	1.0
	1.27
	1.0
	  .08
	 abs3.13 

	45
	117
	65
	-.25
	.32
	1.04
	.3
	1.05
	.3
	  .22
	 abs3.7  

	23
	132
	73
	-.29
	.31
	1.06
	.4
	1.13
	.5
	  .19
	 cr2.1.3 

	40
	118
	65
	-.31
	.33
	1.13
	.7
	1.46
	1.4
	  .08
	 abs3.2  

	54
	133
	73
	-.39
	.32
	 .99
	.0
	1.64
	1.9
	  .20
	 abs3.16 

	58
	134
	73
	-.49
	.33
	 .99
	.0
	 .96
	.0
	  .27
	 abs3.20 

	22
	133
	72
	-.58
	.34
	1.01
	.1
	1.14
	.5
	  .22
	 cr2.1.2 

	25
	135
	73
	-.60
	.34
	1.02
	.2
	 .98
	.1
	  .22
	 cr2.1.5 

	28
	135
	73
	-.60
	.34
	1.10
	.5
	1.34
	1.0
	  .08
	 cr2.2.2 

	34
	135
	73
	-.60
	.34
	 .97
	-.1
	 .87
	-.2
	  .29
	 cr2.3.2 

	55
	135
	73
	-.60
	.34
	 .97
	.0
	 .78
	-.6
	  .30
	 abs3.17 

	39
	122
	65
	-.83
	.39
	 .94
	-.1
	 .66
	-.7
	  .34
	 abs3.1  

	32
	137
	73
	-.85
	.37
	1.00
	.1
	1.09
	.4
	  .18
	 cr2.2.6 

	56
	137
	73
	-.85
	.37
	 .98
	.0
	1.14
	.5
	  .23
	 abs3.18 

	21
	138
	73
	-.99
	.38
	 .96
	-.1
	 .81
	-.3
	  .28
	 cr2.1.1 

	24
	138
	73
	-.99
	.38
	1.03
	.2
	1.29
	.8
	  .13
	 cr2.1.4 

	37
	138
	73
	-.99
	.38
	 .99
	.1
	 .95
	.0
	  .23
	 cr2.3.5 

	33
	137
	72
	-1.10
	.41
	1.00
	.1
	 .85
	-.2
	  .21
	 cr2.3.1 

	30
	137
	72
	-1.11
	.41
	 .95
	-.1
	 .69
	-.6
	  .30
	 cr2.2.4 

	27
	139
	73
	-1.15
	.41
	1.00
	.1
	1.09
	.3
	  .18
	 cr2.2.1 

	29
	139
	73
	-1.15
	.41
	1.08
	.4
	1.46
	1.0
	  .04
	 cr2.2.3 

	38
	139
	73
	-1.15
	.41
	 .92
	-.2
	 .75
	-.4
	  .30
	 cr2.3.6 

	20
	140
	73
	-1.32
	.43
	 .91
	-.2
	 .69
	-.5
	  .31
	 pr1.10.2

	10
	141
	73
	-1.53
	.47
	 .90
	-.1
	 .98
	.2
	  .27
	 pr1.5.2 

	3
	140
	72
	-1.75
	.52
	 .92
	.0
	 .79
	-.1
	  .25
	 pr1.2.1 

	4
	140
	72
	-1.75
	.52
	 .92
	.0
	 .79
	-.1
	  .25
	 pr1.2.2 

	1
	140
	72
	-1.75
	.52
	 .93
	.0
	 .59
	-.5
	  .27
	 pr1.1.1 

	2
	140
	72
	-1.75
	.52
	 .93
	.0
	 .59
	-.5
	  .27
	 pr1.1.2 

	17
	140
	72
	-1.76
	.52
	 .89
	-.1
	 .50
	-.7
	  .32
	 pr1.9.1 

	9
	142
	73
	-1.77
	.52
	 .92
	.0
	1.13
	.4
	  .22
	 pr1.5.1 

	19
	142
	73
	-1.77
	.52
	 .96
	.1
	 .81
	-.1
	  .20
	 pr1.10.1

	35
	142
	73
	-1.77
	.52
	1.00
	.2
	1.24
	.6
	  .13
	 cr2.3.3 

	36
	139
	71
	-2.03
	.60
	 .94
	.1
	 .50
	-.5
	  .26
	 cr2.3.4 

	7
	141
	72
	-2.06
	.60
	 .96
	.1
	 .83
	.0
	  .19
	 pr1.4.1 

	8
	141
	72
	-2.06
	.60
	 .96
	.1
	 .83
	.0
	  .19
	 pr1.4.2 

	15
	143
	73
	-2.08
	.60
	 .89
	.0
	 .39
	-.8
	  .32
	 pr1.8.1 

	16
	143
	73
	-2.08
	.60
	 .89
	.0
	 .39
	-.8
	  .32
	 pr1.8.2 

	11
	142
	72
	-2.48
	.72
	 .94
	.1
	 .46
	-.4
	  .24
	 pr1.6.1 

	18
	142
	72
	-2.49
	.72
	 .89
	.1
	 .29
	-.7
	  .31
	 pr1.9.2 

	5
	144
	73
	-2.51
	.72
	 .93
	.1
	 .41
	-.4
	  .25
	 pr1.3.1 

	6
	144
	73
	-2.51
	.72
	 .93
	.1
	 .41
	-.4
	  .25
	 pr1.3.2 

	13
	144
	73
	-2.51
	.72
	 .94
	.1
	 .41
	-.5
	  .25
	 pr1.7.1 

	26
	144
	73
	-2.51
	.72
	 .98
	.2
	1.86
	1.0
	  .07
	 cr2.1.6 

	12
	143
	72
	-3.20
	1.01
	 .94
	.3
	 .26
	-.3
	  .23
	 pr1.6.2 

	14
	145
	73
	-3.23
	1.01
	1.00
	.3
	 .57
	.1
	  .12
	 pr1.7.2 

	
	
	
	
	
	
	
	
	
	
	

	Mean
	115.
	66.
	.00
	.37
	1.01
	.2
	 .97
	.1
	
	

	S. D.
	28.
	14.
	1.28
	.15
	 .13
	1.2
	 .30
	1.2
	
	



The empirical predictions of the Model of Hierarchical complexity are tested next.  The proficiencies of the participants and the difficulty of the items are displayed on an items-by-persons map that scales items and persons on a legit scale (see Figure 1).  Remember, groups of items were constructed to each have a different given order hierarchical complexity.  Hence there were groups of items to measure each stage of performance.  Each participant and item received a Rasch Scaled score on this scale.  Buy using the known hierarchical complexity of the items, this rating, or scaled score, indicates the stage at which the particular item or participant will answer items correctly about 50% of the time (Bond & Fox, 2001).  The participants’ stage of performance is seen by the hierarchical complexity of the items that they pass 50% of the time.  Therefore, it is expected that fewer participants will be scored at the top end of the scale that corresponds to items of greater hierarchical complexity.  In fact, this was the case for the Laundry task series (see Figure 1).  The majority of the participants fell on the scale at or around where the abstract items fell.  There was not much differentiation of the items at the top of the scale – the highest stages of systematic and metasystematic, because of the paucity of participants performing at the metasystematic stage.  Differentiation requires participants to have scores high enough so they can appreciate the differences in the hierarchical complexity of such items.  A Rasch Analysis scores them at the last stage at which they differentiate correctly.
Figure 1  Laundry Task Series Rasch Map

    Participants   Items

    4            +

                 |

             XX  |

                 |

                 |

                 |

                T|

    3        XX  +

              X  |

                 |  12

              X  |T

             XX  |

        XXXXXXX S|

            XXX  |  12  12

    2        XX  +

          XXXXX  |  12  12

              X  |  12  11  11

             XX  |  11

          XXXXX M|  12  11  11

              X  |S 10  12  11  11  11  11  11  11

  

           XXXX  |  11  11  11

    1      XXXX  +  a9  a9  10  10  11  11

        XXXXXXX  |  a9  10  10  11  11  11  11

      XXXXXXXXX  |  a9  a9  a9  10  10  12  11  11

          XXXXX  |  a9  a9  10  10  12  11  11  11  11  11  11  11

          XXXXX S|  a9  10  10  10  10  10  11  11

             XX  |  10  10  10  10  10  11

              X  |  a9  a9  10

    0            +M a9  c8  11

              X  |  a9  11

              X  |  a9  a9  c8

                T|  a9  a9

                 |  a9  c8  c8  c8  c8

                 |

                 |  a9  a9  c8

   -1            +  c8  c8  c8

                 |  c8  c8  c8  c8  c8

                 |S p7

                 |

                 |  p7

                 |  c8  p7  p7  p7  p7  p7  p7  p7

                 |

   -2            +  c8  p7  p7

                 |  p7  p7

                 |

                 |  p7  p7

                 |T c8  p7  p7  p7

                 |

                 |

   -3            +

                 |  p7

                 |  p7    

Note: Items labeled by their order of hierarchical complexity are on the right of the y axis from easy at the top to hard at the bottom.  Participants are on the left of the y-axis and run from low stage at the top to high stage at the bottom.  Each X on the left of the y axis represents two participants.


In the second part of the analysis, the Rasch analysis provided a very strong support of our prior assessment of the hierarchical-complexity of the experimental tasks.  As shown in Figure 2, the regression of the task difficulty of the items (as measured by Rasch analysis and shown on the y-axis) on their corresponding order of hierarchical complexity of those items (as determined by our task-analysis of the items as shown on the x-axis) was quite high, r(122) =  .893, F(1, 120) = 470.856, p < .0005, r2 = .797.  The standard deviation of the scaled scores, SD = 1.287 corresponded to a stage of about 1.5.  This is precisely what we would expect. 
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Laundry Task Series Regression: Rasch Scaled Stage Score as a Function of Order of Hierarchical Complexity
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In the third part of the analysis, the spacing of Rasch scores between items of adjacent orders of hierarchical complexity is described.  It would have been good to compare the Rasch Scores for every item from adjacent orders of hierarchical complexity, but because there were so many items, this would have produced too many comparisons.  To reduce the number of comparison pairs, each item’s Rasch score was subtracted from the mean Rasch score of the items from the next higher order of complexity.  The differences between Rasch item scores of one order and mean of next order scores was significantly different from 0, M = .78829, SD = .550909, t(111) = 15.143, p = .000, d’ = 1.43.  This is overly optimistic because the mean was used.  Table 5 shows the means and standard deviations for each comparison group. 
Table 5 Laundry One-Sample t-Test 

Dependent Variable: Differences between item scores of one order and mean of next order scores 

	
	Test Value = 0

	Two consecutive orders 
	t
	df
	Sig. (1-tailed)
	Mean 
	Standard Deviation
	Effect Size (d’)

	Primary-Concrete
	9.445
	19
	.000
	1.088
	.515
	2.11

	Concrete-Abstract
	7.197
	17
	.000
	1.200
	.708
	1.70

	Abstract-Formal
	5.965
	19
	.000
	.586
	.439
	1.33

	Formal-Systematic
	8.270
	19
	.000
	.396
	.214
	1.85

	Systematic-Metasystematic
	9.577
	33
	.000
	.744
	.453
	1.64

	Overall
	15.143
	111
	.000
	.78829
	.5509
	1.431


Position Contributed to Difficulty
The position of the predictive variable contributed a small amount to difficulty of the tasks (Atkinson &  Shiffrin, 1968); Bruce & Papay, 1970; Glenberg, Bradley, et. al., 1980; Glanzer, 1982).  Table 6 shows that the usual primacy and recency effects were found.  The nominal by nominal Phi coefficient, ((4859) = 0.099.  To assess how big the effect was, a bivariate logistic regression was run.  There were only two orders of hierarchical complexity for which this could be done, the abstract and formal.  At the abstract order, there where just two positions, first, coded 1 and last, coded 4, which occurred right before the outcome that the possible variable predicted.  At the formal order, there were 4 positions but only 3 were used.  Note that the B(1) = 0.136 (S.E. 0.023), p = 0.0005, Exp(B) = 1.146, was small.
Table 6
Position Operative Variable * Correct Crosstabulation
	 
	 
	Correct
	Total

	 
	 
	Incorrect
	Correct
	 

	Position Operative Variable
	Position 1
	Count
	475
	1001
	1476

	 
	 
	% within Position Operative Variable
	32.2%
	67.8%
	100.0%

	 
	Position 2
	Count
	298
	526
	824

	 
	 
	% within Position Operative Variable
	36.2%
	63.8%
	100.0%

	 
	Position 4/ Last position
	Count
	640
	1919
	2559

	 
	 
	% within Position Operative Variable
	25.0%
	75.0%
	100.0%

	Total
	Count
	1413
	3446
	4859

	 
	% within Position Operative Variable
	29.1%
	70.9%
	100.0%


Method-Counselor-Patient Task Series

Participants 

For the Counselor-Patient Task Series, the participants were also a convenience sample of graduate students from Salem State College, and their friends and relatives.  They had neither clinical training nor education about informed consent.  In this respect, they resembled the general population. The sample was composed of 118 participants (74 female and 44 male), ranging from 18 to 74 years in age (M = 36.28, SD = 13.25) and from 10 to 26 years of education (M = 16.35, SD = 2.93).  The level of education of the participants’ parents ranged from 6 to 20 years (M =13.64, SD = 2.76).  Therefore, the education of the participants was uncorrelated to that of their parents, r(100) = .01, p = NS. Thus, the parents had significantly less education than their children, F(1, 120) = 22.80, p < .0000.  The educational profile of the parents seemed to indicate that most of the participants came from a working class background.

Instrument 


The counselor-patient task series was essentially a logical problem embedded in presentation of idealized cases.  Each case had a different order of hierarchical complexity built into it.  Hierarchical complexity was varied from the concrete to the metasystematic order. There was no systematic variation of horizontal complexity The level of support was constant at the 0th level.  There was no increased or decreased support.  There was a moderate familiarity, the participants varying in their education and familiarity with informed consent, some having been exposed to it during personal medical treatment or seeing it on television, etc.  Lastly, all the information in the problem was highly organized as to position, which varied systematically as shown in the table.  However, position effects are confounded with order effects in a way that makes the position of the highest stage relatively easy because it comes near the end.  

The participants received a variety of sets of counselor-patient problems.  Some had three sets with five vignettes in each set; some received one set of ten vignettes.  The vignettes were of interactions between counselors and patients in a negotiation about treatment in "another country.”  The interactions recorded in these vignettes are based on the authors' consultative experience with counselor-patient dialogues that possess the outward forms of informed consent.  In the vignettes the interaction ranges from true informed consent to varying degrees of coercion, appeals to authority and conformity, and attempts to get the patient to identify with the counselor's viewpoint or with the counselor’ implicit values of success, fame, celebrity, morality, research, the counselors’ role, popular opinion, up-to-date medicine, and the like (Rodriguez, 1992; Commons & Rodriguez, 1993).  Thus, the counselors in the vignettes vary in the degree to which they actually inform their patients about the treatment and in the degree to which they actually obtain knowing and participatory consent (Gutheil, Bursztajn, Brodsky & Alexander, 1991).

  
The instrument began with a series of questions, which the participants were expected to answer as fully as possible in short essay type answers.  These questions were designed to cause the participant to begin thinking about the aspects of a good and/or fair counselor-patient relationship.  Participants were then provided with 10 vignettes, each of which told the story of how a fictitious counselor informed a patient of their proposed medical treatment.  Each of these was systematically constructed tasks of a give order of hierarchical complexity.  The lowest order at which the “counselor performed” the informed-consent task was the concrete (8), whereas the highest order was the metasystematic (12).  Of the 10 total vignettes, there were two different ones from each order:  concrete, abstract, formal, systematic, and metasystematic (see Table 3 for descriptions of the orders tested).  The items exhibited a Cronbach alpha of .688, a questionable level of reliability according to George & Mallery (2003), and a Guttman Split-half reliability of .845, an acceptable level.  This indicates that, overall, the items evoked consistent responses.

The following is an example of a vignette from the concrete order.

Counselor Brown offers the patient a treatment preferred by colleagues.  Brown says that others who are friends use this treatment.  A colleague is called in to tell the patient again about the treatment.  With great concern, Brown asks if the patient would like to hear a third person explain the treatment.  Brown's patient is told that these people had good results with that treatment.  Brown instructs the patient to support the treatment.  Brown's patient thinks seriously about what Brown has said.  Feeling that Brown knows best, Brown's patient prepares to undergo the treatment. 

The following is an example of a vignette from the metasystematic order.


Counselor Heath discusses a treatment that performs relatively better than others. Heath relates the effects and side- effects of each treatment  including taking no action. Then Heath asks the Patient  questions about the treatments making sure the Patient understands. Heath asks  if the Patient  feels comfortable making a decision  with the present information. Since the Patient is satisfied , Heath asks the Patient to think carefully before choosing a treatment. Feeling that Heath knows best, Heath’s Patient prepares to undergo the treatment.

The dependent variable was rating by the participants of “the degree to which the Counselors attained informed-consent from their patients.”  The ratings went from extremely poor 1, to extremely well 6.  This is a little but like Rest’s (1986) Defining Issues Test (DIT).  Note that if one cannot tell the differences among a set of stories, one should not form preferences based upon their differences in order of hierarchical complexity.

Results-Counselor-Patient Task Series


As above with the Laundry Series, there were four parts of the Counselor-Patient Task Series analysis.  First is to obtain scaled measures of item difficulty and therefore stage of performance.  The second was to examine whether the stage of performance was in the same order predicted by the hierarchical complexity of the items.  The third was to see if there were gaps between the adjacent stages of performance.  The fourth and last was to see to what extent those gaps were possibly equal.  


The Rasch analysis of the ratings of all the items for the Counselor-Patient Task Series showed that the order of hierarchical complexity was accurately reflected in the item scaled scores (see Table 7).  All of the items had infit errors less than 2.00 and therefore, clearly fit (Bond & Fox, 2001; Linacre, 2004) on a single scale, which ordered items according to perceived quality of therapist’s informed consent procedure.  A low perceived quality is less difficult to obtain.  This scale and the placement of the various items are shown in Figure 3.  Note that positive scores, which are toward the top of the scale, reflect a rating of greater perceived quality of informed consent (see Figure 3).  

Table 7 Rasch analysis of Counselor-Patient Task Series

 SEQ CHAPTER \h \r 1Rasch Analysis of Informed Consent Task, 121 Participants, Reliability .95, 10 Items Measured: 6 Categories, Reliability .98

	Entry

#
	Raw

score
	Count
	Mea-sure
	Error
	Infit 

Mnsq
	Infit

Zstd
	Outfit

Mnsq
	Outfit

Zstd
	Ptmea

Corr.
	Ranks

	5
	4
	4
	3.65
	1.84
	Max 
	
	
	
	
	Heath

	8
	156
	88
	1.51
	.13
	1.54
	2.6
	1.40
	1.8
	.36
	Lewis

	9
	126
	68
	1.35
	.14
	1.55
	2.4
	1.90
	3.3
	.33
	Smith

	4
	59
	20
	.41
	.20
	 .47
	-2.1
	 .42
	-2.2
	.82
	Flynn

	10
	118
	33
	.11
	.15
	 .61
	-2.0
	 .61
	-1.9
	.70
	Spire

	1
	302
	81
	-.24
	.09
	 .79
	-1.6
	 .77
	-1.6
	.66
	Bower

	3
	339
	86
	-.38
	.09
	 .84
	-1.2
	 .84
	-1.1
	.72
	Corey

	7
	375
	90
	-.53
	.09
	1.04
	.4
	1.24
	1.6
	.52
	Kent 

	6
	399
	88
	-.86
	.10
	1.06
	.5
	1.14
	.9
	.51
	Jones

	2
	520
	102
	-1.39
	.11
	 .99
	.0
	1.02
	.2
	.58
	Brown

	M
	266
	73
	.00
	.12
	 .99
	-.1
	1.04
	.1
	 
	

	 S.D.
	148
	26
	.91
	.03
	 .35
	1.6
	 .42
	1.8
	
	


Figure 3 Counselor-Patient Task Series Rasch Map
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Second, as with the laundry task set, hierarchical complexity of an item very strongly predicted its Rasch scaled stage, r(10) = .879, F(1, 8) = 27.144, p < .001, r2 = .772 (see Figure 4).  The standard deviation was SD =1.470), the mean order of hierarchical complexity was M = 10.00 (SD = 1.491).
Figure 4 

Counselor-Patient Task Series Regression: Rasch Scaled Stage Score as a Function of Order of Hierarchical Complexity
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Third, in addition to the accurate ordering of items, the map shows that in the spacing, there were visible gaps between items of different orders of complexity on the Rasch scale.  These gaps indicate the distance, or size difference, between consecutive orders of hierarchical complexity.  There were significant gaps greater than 0 even though there was some overlap, but not much, M = .92625, SD = .84249, t(15) = 4.398, p = .0005, d = 1.555, r = .6138, a very large effect size (see Table 8) .  

Table 8 Counselor-Patient One-Sample t-Test

Dependent Variable: Differences between item scores of one order and mean of next order scores 

	
	Test Value = 0

	Two consecutive orders 
	t
	df
	Sig. (1-tailed)
	M
	S. D.
	Effect Size (d’)

	Concrete-Abstract
	4.214
	3
	.012
	.670
	0.318
	2.11

	Abstract-Formal
	3.548
	3
	.019
	.390
	0.220
	1.77

	Formal-Systematic
	3.076
	3
	.027
	1.025
	0.666
	1.54

	Systematic-Metasystematic
	2.395
	3
	.048
	1.620
	1.353
	1.20

	Overall
	4.398
	15
	.0005
	.9263
	0.8425
	1.099



Fourth, again what was of interest was to what extent the difference in stage of the items corresponding to different orders of hierarchical complexity were equal.  Hence, we tested for inequality of the differences between the means of items from adjacent orders of hierarchical complexity.  Here the difference between Rasch scores for items from adjacent orders worked perfectly both for seeing if every pair was different from 0 to show that there was no overlap of items and therefore a gap and to test for relative equal spacing of the mean stage.  The item variability provides the variance.  It is possible that these gaps were somewhat equidistant, which indicates the linearity of the orders of hierarchical complexity, as well as of the Rasch scale.  This equality is further supported by the fact that the items fit the regression line well, which is also linear.  There were no significant differences among the different order of pairs F(15, 3) = 1.858, p = .190 η2 = .317 and when corrected .146.  Even so, there were probably many forms of noise that contributed to the variability of the Rasch Scores.  One was construction noise in the tasks.  More than just order of hierarchical complexity had to be varied, otherwise the stories would be so close in content that comparison would be more trivial.  Second there is always measurement noise error with samples of this size.


Furthermore, this study shows that Rasch scales may be a way of knowing if people recognize the quality of informed consent.  Based on the distribution of participants on the Rasch scale, it was determined that the majority of participants recognized informed consent at least at the formal order.  Although one systematic stage item was scored higher than a metasystematic item, the trend was highly accurate in ranking items by order of hierarchical complexity.  This small lack of differentiation is again due to the fact that participants may not have had scores high enough to differentiate between the two.  This therefore suggests that about 50% of the time, these participants will be able to accurately recognize behavior at the formal order, thereby suggesting that they may operate at this stage in certain domains.


There are a number of versions of this problem: Doctor-Patient, Teacher-Student, Manager-Employee, Lawyer-Client, and Politician-Voter.  In a preliminary analysis, we found no differences as to who the stories were about.  This suggests a very simple way to assess stage of development in the social/political domain that is extremely reliable and valid.

Summary and Predictions of the Model of Hierarchical Complexity

In this paper, we have presented a formal model of hierarchical complexity that leads to a quantal notion of stage.  The key feature of the model is that the orders of hierarchical complexity of actions were shown to be scaled by natural numbers.  Because of this, we made the following four predictions about the model of hierarchical complexity that we further supported in our study.

1. Sequentiality of stage of items should be near perfect as has been shown here and elsewhere (e.g., Dawson, Commons, Wilson and Fischer, 2005). 

2. Because orders of hierarchical complexity of the tasks are ordinals, groups of tasks at different orders of hierarchical complexity should cluster in well-defined groups. Using Rasch analysis, this trend was found in the study reported here and elsewhere (e.g., Dawson, Commons, Wilson, & Fischer, 2005). The trend of like-ordered items clustering together is apparent in Figure 1 and Figure 3. 

3. Quantal nature of task hierarchy means there can be no intermediate single performances. A task either meets conditions (1), and (2), or does not. But performances may be intermediate because they can be mixtures of stages. We found intermediate performances in our laundry task that can possibly be explained by transitions, growth spurts, or other phenomena for explanations of gaps.  If there were measurement techniques that did not produce such noisy data, it might be possible to explain what exactly drives the observed gappiness in the tasks.  
4. People may perform in a consistent manner across items from the same tasks of the same complexity. Most Rasch scaled performance scores align with their most frequent stage of performance. 

The Model of Hierarchical Complexity predicted that the Rasch model-generated order scores would correspond to a hierarchically ordered task sequence. Order of hierarchical complexity of tasks strongly predicted corresponding Rasch scaled scores (r(10) = .879), with approximately 77% of the variance in Rasch scale scores accounted for by the order of hierarchical complexity (r2 = .772).  Although we used a dichotomous model for the Laundry task and a rating model for the Counselor-Patient task, both models worked well for the respective tasks.  The item infit errors were all reasonable (less than 2.00), which suggests unidimensionality.  This notion was further supported by the regressions of Rasch scaled score and order of hierarchical complexity (Figures 2 and 4). Together this suggests that, within a domain and on a given series of tasks, order of hierarchical complexity accounts for most of the variance in task difficulty.  As such it gives a rather clear idea on why higher order tasks are more difficult.   
Discussion


The finding that hierarchical complexity is a critical additional contributor to task difficulty has many implications and benefits for cognitive science, psychology, and evolutionary studies.  The model of hierarchical complexity answers some of the most fundamental questions about complexity.  By theoretically presenting a method for the analysis of tasks and deriving an actual task chain, the model demonstrates that such chains exist.  By constructing a domain-independent theory of one source of difficulty, the model shows that the sequences of orders and stages are invariant across all domains.  In particular, hierarchical task complexity remains unchanged regardless of how broadly or narrowly domains are defined.  We caution, however, that an actual task action’s difficulty includes its hierarchical complexity but also includes other sources of difficulty such as the domain of the task and other non-hierarchical complexity properties of the task.


By using formal axioms, we obtain an analytic model of stage development that formalizes key notions stated implicitly in most stage theories.  This predicts that stages exist as more than ad hoc descriptions of sequential changes in human actions.  Because the model defines a single sequence underlying all domains of development whether intragenerational (as in animal or human development, e.g., Kohlberg & Armon, 1984) or intergenerational (as in neural networks, Commons & White, 2003), the model of hierarchical complexity sets forth the core requirements for a theory of stages.  Although many researchers posit more core requirements (Fischer, 1980), none require fewer.  It can thus be argued that any model which fails to account for the hierarchical complexity of tasks in the definition of stage will, by definition, fail to yield results that are accurate or even significant, as to the order of developmental complexity.  As such, the model of hierarchical complexity offers clarity and consistency to the field of stage theory and to the study of development and evolution in general.

Perhaps the most important of its implications is that hierarchical complexity is a mathematical model that separates theory from actual performance.  Since it is analytical it can be applied to any situation in which task difficulty and performance need to be understood.  This means that regardless of the task, knowing the task order of hierarchical complexity and how to operate at that order of hierarchical complexity can significantly increase an individual’s chance for successful completion of that task.   The order of hierarchical complexity of the items accounts for approximately 77% of the variance in Rasch scale stage scores (r2 = .772). This implies that an understanding of hierarchical complexity can be a framework for development and what it takes to succeed in task domains ranging from the job performance and health care to relationships and war. 

Future Directions 


Although we were able to account for a great amount of variability just using the order of hierarchical complexity, there are still a number of issues that should be addressed.  First, how could the Model of Hierarchical Complexity be rejected empirically?  Some of the assumptions of the Model could be tested using the work on “Knowledge spaces” (Falmagne, Villano, Doigon, & Johannesen, 1990).  Key to this theory is the concept of a knowledge is it a knowledge space or a knowledge space state, which is a set of all the problems that an individual is capable of solving.  

The Model of Hierarchical Complexity predicts that the highest order task completed by the individual would contain prerequisite lower orders tasks.  According to the Model of Hierarchical Complexity, in order to perform at a specific order of hierarchical complexity, participants must be able to perform correctly at all the orders of hierarchical complexity which precede that order.  For example, if participants complete a task at the concrete order, they must also complete tasks of the lower orders (e.g. primary, preoperational, nominal, etc.).  


Thus if the Model of Hierarchical Complexity were supported, then a knowledge space would contain the highest order of hierarchical complexity completed on a task as well as its prerequisite lower orders.  If the model were rejected, then two knowledge spaces would be observed to contain the same order of hierarchical complexity.  Another way the model of hierarchical complexity could be rejected would be if a knowledge space contained orders of hierarchical complexity that were out of sequence.

In results presented here to illustrate the model, other forms of task difficulty were not systematically varied (e.g. horizontal complexity, position, coding).  The other contributions to task difficulty should be studied along with hierarchical complexity so that their relative contribution to empirically measured difficulty could be assessed.  For example, if the effect of position of possible causal variables in the laundry problem could be varied across more than 2 orders of hierarchical complexity, its effect could be compared to hierarchical complexity.  

Although the above considerations may help support that hierarchical complexity strongly predicts Rasch scaled stage scores of task difficulty, remember that (r(10) = .879), the full extent to which this model can be applied has yet to be tested.  As such the model should be examined on lower order tasks including those below the primary order.  These tasks would have to be appropriate for infants, other animals, and computer intelligence.  This analysis also should be applied to already existing material, such as SAT’s, GRE’s, and portions of IQ tests that might be analyzed as to the hierarchical complexity of specific items. The test questions should be analyzed for hierarchical complexity and how well they predict Rasch performance scores.  Lastly, hierarchical complexity has not yet been used to account for discrepancies in peoples’ performances (e.g. the uneven development exhibited by those who are mentally ill, retarded or criminal).  Although there has already been some work in this area (e.g. Fischer, Ayoub, Noam, et al., 1997), further work is needed to show the extent to which the model can be applied.


Once the above issues are addressed, it is important to recognize that this model may lead to discoveries about the influence of culture on performance.  Given that orders of hierarchical complexity are on an absolute scale, as opposed to a normed scale as is the case with IQ, we could find how practice and social framing affects performance when given tasks of the same hierarchical complexity.  This would have huge implications for studies of cross-cultural development and studies of group IQ differences.


It would also be highly informative to conduct brain imaging studies in order to determine which areas of the brain are activated when different ordered tasks are being correctly completed.  This would be especially critical when people are working on higher order tasks successfully.  There are several areas of subsequent research that should be examined using the Model of Hierarchical Complexity.  Doing so would further corroborate its predictions and correct for the fact that it has been discounted in several arenas.
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